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Abstract: Let X be any smooth simply connected projective surface. We 
consider some moduli space of pure sheaves of dimension one on X, i.e. 
Mx (u) with u = (0, L, x( u ) = 0) an d L an effective line bundle on X, 
together with a series of determinant line bundles associated to 
r[Ox] ~ n[O p t] in Grothendieck group of X. Let gi denote the arithmetic 
genus of curves in the linear system \L\. For < 2, we give a upper bound 
of the dimensions of sections of these line bundles by restricting them to a 
generic projective line in \L\. Our result gives, together with Gottsche's 
computation, a first step of a check for the strange duality for some cases for 
X a rational surface. 



1 Introduction. 



let X be a smooth complex projective surface with H an ample divisor, and u 
and c r n two elements in the Grothendiek group K(X) of X which are specified as 
u = (0, L, x{ u ) — 0) for L an effective line bundle on X, and c r n = r[Ox]—n[O pt ] 
where O pt is the skyscraper sheaf supported at a point in X. Denote (u) 
(resp. Mjf (cjj) the moduli space of semistable sheaves with respect to H on 
X of class u (resp. c r n ). There is a so-called determinant line bundle A c r (resp. 
\ u ) on Mx(u) (resp. Mf ((^)) associated to c r n (resp. u) (See [5] Chapter 8 
for more details). It is conjectured by Strange Duality that there is a natural 
isomorphism between the following two spaces (see [2] for more details) 

D : H\M* («),A C ,) V -> H°(Mx(c r n ), X u ). (1.1) 
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We are concerned on the numerical version of the conjecture. In other words, 
we would like to check the following equality 

h°(M«(u),\ c r n ) = h°(M«(c r n ),\u)- (1-2) 

In [8J for X = P 2 or P(C P i © Opi(-e)) with e = 0, 1 and L = 2G + aF 
with 2e < a < e + 3 where F is the fiber class and G is the section such that 
G.G = — e, we have computed the generating function 

Z r (t) = J2h°(M«(u),\ c r n )t n , (1.3) 

n>0 

for all r > 1. Moreover when r = 2, the result matches Gottsche's computation 
on the rank 2 sheaves side and gives a numerical check of Strange Duality for 
these cases (See [8 J Corollary 4.4.2 and Corollary 4.5.3). 

In this paper we consider more general cases. We ask X to be any smooth 
simply connected projective surface over the complex number C. Let K be 
the canonical divisor of X. Let \L\ be the linear system associated to the 
line bundle L and / the dimension of \L\. Let be the arithmetic genus 
of curves in \L\. For any two line bundles L and L', we denote L.L' to be 
the intersection number of their divisors; and moreover we write V < L if 
L <g> L'^ 1 is an effective line bundle, i.e. h°(L <8> L /_1 ) ^ 0; and write V < L if 
V < L and V ^ L. We state two assumptions on L as follows which are all 
the assumptions we need 

(Ai) L.K < 0; 

(A' 2 ) For any < L', L" < L with V + L" = L, we have V + I" < I - 2 
where V = dim \L'\ and /" = dim \L"\. 

Since we deal with more general cases, the techniques we used in [8] 
to obtain the normality and irreducibility of the Moduli space (u) and 
the dualizing sheaf on (u) don't work any more. We thus lose many good 
properties of the moduli spaces, but anyway we still have some results providing 
an estimate for the dimension of sections of A c r on (u). We have obtained 
in this paper the following three theorems: 

Theorem 1.1. Let X be simply connected and let L satisfy (A[) and (A' 2 ). 

Then we have for all n > 

h\M{c l n ),\ u )>h\M{u),\ c i). 

Moreover for any fixed r, once the strict inequality holds for n = no, it holds 
for all n > uq. 
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Denote 

yr (t) t n - 1 + ^ + ^ + • • • + - ■ 

r 9L= i{i) - 2_^y n ,g L =i i - (l-t) 2 ' 

n>0 1 > 

and let y r n gL=l = for all n < 0. Then we have 

Theorem 1.2. Let I ka smooth simply connected projective surface and L 
satisfy (A[) and (A' 2 ) with g^ — X. Then we have for all n e Z and r > 1, 

Moreover for any fixed r, once the strict inequality holds for n = n , it holds 
for all n > n . 



Let Y g \ =2 = Z n yi gL=2 t n = and for r > 2 

m-W r- 1 + 3t2 + E ^ + 1 ) f + ^- 2 ^ 



Let y r ngh=2 — for all n < 0. Then we have 

Theorem 1.3. Let X be a a smooth simply connected projective surface and 
L satisfy (A[) and (A 2 ) with g L = 2 and dim \L\ > 3. Then we have for all 
n G Z and r > 1, 

y r n , gL=2 >h\M(u),X c rJ. 

Moreover for any fixed r, once the strict inequality holds for n = n , it holds 
for all n > n . 

Remark 1.4. Fix r = 2. Gottsche's results for rational ruled surfaces together 
with his blow-up formulas give many examples for X a rational surface, in 
which L satisfies (A' x ) and (A 2 ) with gL — 1 or gL — 2 and I > 3, and also 
the following equalities hold under some suitable polarization (a change of the 
polarization may give a difference of a polynomial) 

5>(Af(<£), A L )t» = nVfV+i = y ^= l(t) ' %f 9L = 1; 

n>0 ^ +Z) 

1 I Q+2 

J2x(M(cl), X L r = t^ttt = Y g U(t), if 9l = 2. 

Hence we have for these cases under a suitable polarization for all n> 

x(M(c 2 n ),X u )>h°(M(u),X c?i ). 
In particular (under any polarization) for n ^> ; we have 

X {M{cl),X u ) = h°(M(c 2 n ),X u ) > h°(M(u),X cl ). 
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The main idea to prove these three theorems is to restrict B r to inter- 
sections of pull back of hyperplanes in \L\ until finally we reach a generic 
projective line T in \L\. We then compute the splitting type of 7r*(Q r \ n - 1 (T)) 
on T. We prove Theorem 11.11 in Section 4, Theorem 11.21 in Section 5. The 
proof of Theorem II .31 is the most complicated one among the three and is done 
in Section 6. Also in Section 6 we obtain a corollary (Corollary I6.16P in the 
theory of compactified Jacobian of integral curves with planar singularities. 

2 Notations. 

Let u x be an element in K.(X) given by u x = (0, L, x( u x) = x)> an d M x the 
moduli space of semistable sheaves (w.r.t. H) of class u x on X. Denote 
the stable locus of M x . Notice that when g.c.d(x, L.H) = 1, M x = M£. 

Let \L\ IC be the open subset of \L\ consisting of points corresponding to 
integral curves. By (A' 2 ), we have \L\ — \L\ IC is of codimension > 2 in \L\. 

There is a projection tt x : M x — > \L\ which is defined by sending every 
sheaf to its schematic support. ir x is a morphism according to Proposition 
3.0.2 in [8]. (A^) implies that Ext 2 (J 7 , J 7 ) = for all J 7 semistable of class u x 
that are supported on integral curves. Hence by Lemma 4.2.3 in [8] the moduli 
space M x is smooth of dimension + I at the point [J 7 ] if J 7 is supported on 
an integral curve, i.e. ^([J 7 ]) e \L\ IC '■ 

For x — we write u, M, M s and tt instead. It is easy to see that M 
does not depend on the polarization, but M x might for x 7^ 0. 

We denote and X p t the determinant line bundles on M% (u) associated 
to [O x ] and [O pt \. Hence we have A c r ~ 0® r ® \f }i ~ n . We moreover ask O pt 
not to be supported at the base point of \L\, then by Proposition 2.8 in [B] we 
have that \ pt ~ -k*0\ L] (-1). Let 6 r (n) := r ® ir*0\ L \(n). 

3 Restrict r to intersections of pull backs of 
hyperplanes in |L||. 

Choose I — 1 generic points in X: Xi,x 2 , ■ ■ ■ , Xi-\. For each Xj, by asking the 
supporting curves of the sheaves to pass through it, we can get an equation 
fi up to scalar in |7r*C|t|(l)|. Let Vi be the divisor defined by /j. Since 
xx, ■ ■ ■ , Xi_i are generic, we let Vi intersect each other transversally. There is 
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also a series of closed subschemes in \L\: Pi, P 2 , . . . , Pi-i, where P consists of 
curves passing through xi,...,Xi. p ~ F 1 ^ 1 and 7r~ 1 (Pj) = r\\< m <iV m . Let 
T := Pi-\. Then T is a projective line in \L\. 

Because \L\ — \L\ IC is of codimension > 2 in \L\, we can assume that 
T C |ij| /c '. We then have the following Cartesian diagram 

M x T — — M x (3-1) 

X X X 

T U\L\ IC -^\L\ 

M^ c is contained in the stable locus and is smooth. We can also assume 
that Mj is smooth since |7r*(9|£|(l)| has no base point. 

For x — 0, M x = M, we have an exact sequence on M : 

-> tt*0| L |(-1) -> Cm -> a-MA) -)• 0. (3.2) 

We then tensor (E2D by 6 r (n) 

^9 r (n-l) -9»U-i (Pl) -0. (3.3) 

Taking the global sections, we have 

-> P"°(e r '(n - 1)) ->• P°(e r (n)) ->• /^°(e r (n)| w -i (fi )) H l {Q'\n - 1)). 

(3.4) 

Sequence Q implies that h Q (e r (ra))-/i°(e r (n-l)) < /i°(e r (n)| 7r -i (Pl) ). 

Denote Z[(t) = £ n /i°(M, e'WI^fP,))*" for alH = 1, 1. Notice 
that the sum are bounded from below for all i. Hence we have 

h°(M,e r (n)) < h\Q r (n)l- HPl) ) (3.5) 

m<n 

The inequality f)3.5p will become an equality if h}(M, Q r (n — 1)) = for all n 
such that /i°(7r~ 1 (P 1 ), r (?T,)| 7r -i(p 1 )) 7^ 0. And once the strict inequality holds 
for n = no, it holds for all n > uq. On the other hand we have 

n m<n 

Inductively for all 1 < i < I — 2, we have an exact sequence 
&\n - 1)1,-1 w) e r (n)U-i (J y 0»U- 1(Pi+l) 0, (3.6) 
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This implies that 



h°(M,e r (n)\ n - HPi) ) < Xyc^Mlir-^i)) 



(3.7) 



Finally we come to the generic projective line T = in the linear 
system. Define 



We will compute Z[_ x (t) for g L = 1, 2 in the next sections. 

4 Moduli spaces over one dimensional linear 
systems. 

In this section, we construct a new moduli space M x over a one dimensional 
linear system \L\ on a surface X obtained by blowing up points in X. Then 
we show that M x can be identified with M x . The construction is as follows. 

Choose I — 1 generic points in X: x 1; x 2 , . . . , xj-i; such that curves passing 
through all these / — 1 points are integral curves (this is to say that the line T 
defined by those points is contained in |i^| 7C ') and all of them except finitely 
many are smooth. Moreover those curves are smooth at x\, x 2 , ■ ■ ■ , (this 
is possible since the points are finitely many). We then blow up all these I — 1 
points and get a new surface X together with a projection p : X — > X. We 
have a new moduli space M x = M^(u x ), where u x = (0, L — p*L — E\ — 
E 2 — ■ ■ . — £7-1, x) with the Ei the exceptional divisors. Notice that there is 
a natural closed embedding 1 : \L\ — > \L\ with its image T. In particular for 
u x = uq =: u, we denote the determinant line bundle on M = M associated 
to the structure sheaf O^. Then we have the following proposition: 

Proposition 4.1. There is a morphism f : M x — y M x , which factors through 
the embedding j o s as in diagram A3. 1\) and induces an isomorphism f : M x — y 




Then we have 



(M,e»)<< 



(3.8) 
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Mj; and we have the Cartesian diagram as follows 



(4.1) 



And moreover for x = we have f O r ~ (j o s)*f*Q r and /*O r — 

U o s)*e r . 

Proof. First we have two lemmas 

Lemma 4.2. There is a universal sheaf on X x M x . That is to say, M x is a 
fine moduli space. 



Vt x -» M x 



Proof. Let fl x be the open subscheme of the Qitot-scheme and <j) x 
be the good quotient. Since all curves in \L\ are irreducible and reduced, 
all semistable sheaves in u x are stable and the morphism <ft x : Q x — > M x is a 
principal G-bundle, with G some reductive group. There is a universal quotient 



E x on X x fl x . 



A' 



x x a 




Let A = ctet R'p x (£ x <g> g*C^((l — x)£7i)). A is a line bundle on f2 x and carries 
a natural G-linearization of Z-weight x((f x ) 3/ ®(9^((l — f° r every closed 

point y e f2 x . Since E^.L = 1 and (S x ) y is of rank and Euler characteristic 
X for every y, we have x((£ x ) y <8> C*x((l — = 1 which means A is of 

Z-weight 1. According to Proposition 4.6.2 and Theorem 4.6.5 in [5], we have 
the lemma. □ 



Lemma 4.3. it is flat and M x is an integral scheme. 



Proof. Since curves in \L\ are reduced and irreducible and with at most planar 
singularities, every fiber of tt is integral and of dimension g. Hence M x can not 
have more than one component because \L\ is just a projective line. Then 7r 
is flat because there is no component contained in any fiber. M x is reduced 
because all fibers of tv are reduced and \L\ is reduced. □ 
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Now let U x be a universal sheaf on X x M x . Push it forward along 
p x idtf and get a flat family U x := (p x idj^)JA x on X x M x . 

Over every point [J 7 ] G M x , p^T is a stable sheaf whose support is the 
push forward of the support of J 7 , hence [p^J 7 ] G Mj. The flat family U x 
induces a morphism / : M x — > M x , with its image contained in Mj. 

Since Mj is smooth hence normal and M x is integral, to prove that 
/ : M x — > Mj is an isomorphism, it is enough to show that it is bijective. 
The injectivity is because p\c T '■ Cjr — > C Pf jr is an isomorphism, where Cjr is 
the supporting curve of J 7 . To prove the surjectivity, we need to show that 
V[£7] G Mj, 3[g\ G M x such that p£ ~ Q. Pull back Q to get a sheaf on X 

with support C = C p *g G |p*£|- On X we have 

->■ Ei (-l) e '=i ->• C -> ->■ 0. 
Tensor this sequence by p*Q. 

Tor 1 (p*Q, O e ) C» Bi (-l)®'=l <g) p*£ — P*£ — 0c ® P*£ — 0. 

ci(Og ® p*£) = L, so ci(imr) = 0, while imr (i.e. the image of r) is contained 
in Ei (— l) e<=1 <S> p*£ = l) ffi<=1 5 which is pure on its support. Therefore 

r = 0. Hence we have 

o -> o £i (-i) ffi '=i ->■ p*£ ^ ® p*£ ->• o. 

Push it forward. Because of the vanishing of p*C?B j (— 1) and R} p^Oe^ — 1), we 
have p*(p*£) ~ p*(Cc ® P*£)- 

p restricted on C is an isomorphism. So if p*(p*G) ~ then Oq®p*Q is a 
pure sheaf of rank 1 on C and of Euler characteristic 0, hence [O^® p*G] G M x , 
and hence we have found [G] = [Oq ® p*G] G M x , such that f ([£}]) = [Q]. 

Now we only need to show p*(p*G) — G ■ Firstly, we show that p*(p*Oc) — 
Oc- This can be seen from p*(p*G) ~ P*{Oq ® p*G), with G = Oc- Then since 
G is locally free on its support outside the singular points, we have that the 
isomorphism holds outside the singular points; but around the singular points, 
p is an isomorphism. 

Finally let \ — 0- The claim on the determinant line bundles is somehow 
obvious: by the universal property of O, we have /*(©) — (det R*p U) y , where 
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U is the flat family on X x M obtained by pushing U forward along p x id^. 

U ^X x M 



pxic 



U ^X x M 

p 

M 

Hence R'p U ~ R'p ((p x id^JA). 

Lemma 4.4. R l (p x id^JJ = 0, for all i > 0. 

Proof. One can see that p x id^ is an isomorphism when restricted to the 
support of U, hence the lemma. □ 

As R l (p x idj^jJA = 0, for all % > 0, we have /*6 = det R'p U ~ 

det R'{p o (p x id & )) U = 9. Hence /»(<Sr) ~ U{f ~ ® 6 r ~ 

(j o s)*O m t <S> Q r and /*O r — (j o s)*Q r for all r. So we have proven the 
proposition. □ 



Remark 4.5. According to Proposition ^. 1 , M x is a smooth projective scheme 
of dimension + 1. But Ext 2 ^, J-") may not vanish for [J 7 ] e M, because 
(L, K) might not satisfy (A^). 

Remark 4.6. For the moduli space M x , we did not specify the ample line 
bundle Ox(l) on the blow-up X, but it is easy to see that the moduli space M x 
does not depend on the polarization. 

Proposition 4.7. M x is isomorphic to M for any ^GZ. 



Proof. Recall that M x is a fine moduli space for any \. Let U x be some 
universal sheaf on X x M x . We have the diagram 



X x M v 



Px 



X 



Then U x <S> q*Ox((—x)Ei) is a flat family on X x M x of stable sheaves 
of class u, and hence induces a morphism <p x : M x — > M. It is easy to see 
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that tp x is bijective, hence an isomorphism since both M x and M are smooth. 
Notice that one can construct the isomorphism y? x in many ways and there is 
no canonical way if I > 2. □ 

Now we have identified (M, r ) with (M T ,Q v \ m t), hence we can focus 
on 7TvO r on \L\, instead of ^{Q t \m t ) on T. 

Lemma 4.8. (1) R%Q r = for all i > and r > 0, Rn,Q r = for all 
i < Ql and r < 0; 

(2) For r > 0, n*Q r is locally free of rank r 9L and 7r*0 ~ 

(3) For r < 0, R 9L Ti 1f Q r is locally free of rank (—r) gL . 

Proof. By Proposition 3.0.4 in [8] we know that G(s) is ample for s>0, hence 
restricted to every fiber of tt is ample. By Corollar y 14 . 1 2 1 1 hat we will prove 
later, the dualizing sheaf on every fiber of n is invertible and corresponds to 
a torsion class in the Picard group. Hence restricted to every fiber B r has 
no higher cohomology for r > 0. Hence R l n*Q r = for all i > and r > 
and 7r*G r is locally free. Moreover by the basic theory of Jacobians, we know 
that n*Q r is of rank r 9L . When r = 1, fr*G is a line bundle with a nowhere 
vanishing section hence isomorphic to Ci£i- 

The argument for r < is analogous. □ 



Proof of Theorem From the result in [1] , we know that 

Y\t) = 5> M<£), x u )t n = (1 _ 1 ty+r 

Then Theorem 11.11 is just a corollary of the Statement 2 in Lemma [4.81 □ 

We obtain the moduli space M by blowing up I — 1 generic points 
X\, . . . , on X. On the other hand we may first blow up one point x\ to 
get a surface X\ with the morphism pi : Xi — > X, and let L\ = p\L — E\. 
Then similarly we have the moduli space M\ and 0i which is the determinant 
line bundle associated to Ox 1 - Tautologically, blowing up the I — 1 points 
xi, . . . , xi-i in X is the same as blowing up pi(x2), • • • , p{xi-i) in X±. Hence 
we get the same triple (X,M,§) for both (X,M,Q) and (Xi,Mi,0i). There 

is a rational map v : M\ > M, but not necessary a morphism in general. 

However because of Proposition 14. 1[ we have the following trivial remark. No- 
tice that if L satisfies condition (A' 2 ), then so does L\ for x\ generic. And 
K.L — K\.L\ — 1 with K\ = p\K + E\ the canonical divisor on X\. 
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Remark 4.9. Let (X,M,Q), (Xi,M 1 ,Q 1 ) and (X,M,Q) be as in the previous 
paragraph. Let T be the projective line in \L\ defined by asking curves to pass 
through all the I — 1 points xi, . . . , xj-i, and T\ the line in \L\\ consisting of 
curves passing through all the I — 2 points pi(x2), ■ ■ ■ ,pi(xi-x). If L satisfies 
(A[) and L.K < —1, then we have the following Cartesian diagram with f 
and f\ isomorphisms and f*Q r ~ /i©i — © r - 



M 



Li 



L 



M 



(4.2) 



^1 






T 
IT 1 











T 



lot 



L 



For M x with any \, we have an analogous Cartesian diagram as {4-2) 



At the end of this section, we prove some lemmas which will be used in 
the next two sections. Let (X, L) and (X, L) be the same as in Proposition 
14.11 K and K are the canonical divisor on X and X respectively, and K = 
p*K + Ei + . . . + £7-1. Since there is more than one integral curve in \L\, (A' x ) 
implies that K is not effective, hence nor is K. 

Lemma 4.10. h\L) = h\L) = 0, h 2 (L) = h 2 {L) = 0, hence X (L) = 1 + 1 
and x(L) = 2. 

Proof. Since K is noneffective, L^ 1 ® K must be noneffective which means 
h°(L~ l ® K) = h 2 (L) = 0. Similarly h 2 (L) must _be zero because_A' is not 
effective. By a direct computation we get x(L) — x(L) = h°(L) — h°(L) = 1 — 1, 
hence h\L) = h l (L). 

On X we have the following exact sequence 

-> L- 1 ® K -> K -> O c {K) -> 0, 

with C some smooth curve in \L\. L.K < 0, hence Oc(K) is locally free on C 
with negative degree and has no sections. So there is an injective map sending 
H l (L- 1 ® K) into H\K). So h l (L) = h^L' 1 g) K) < h\K). X is simply 
connected, then = and ^(L) = 0. Hence the lemma. □ 

Lemma 4.11. Let lomio denote the canonical line bundle of M^ c , then we 
have Ci (uj m ic) = [{^)*O mI c{ir L - K \. 



Proof. The proof is essentially the same as what Danila does in [3] for X = P 2 . 
M^ c is smooth. Hence it will suffice to prove that ci{T M jc) = [0^)*£>| L |(-1)® L -^], 
where Tm/c is the tangent bundle on M* c . 
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Recall there is a morphism (f) x c : fl x c — > M x c which is a principal G- 
bundle with G = PGL{V). We have Pic (M^ c ) ~ Pic G (Vt x c ) (Theorem 4.2.16 
in [5]). And also because there is no surjective homomorphism from G to 
the natural morphism Pic G (Q x c ) — > Pic(Q x 
3, Proposition 1.4). Hence it is enough to prove that v . v 



mi 

" ^ is injective ([7] Chap 1, Section 

' ,c ^{c x {T Ml c)) = 



[(0f)*(7rf)*0| L |(-l)^] 

We have a universal sheaf on X x Q IG . We denote it £3 C - 



c x 




Xxtti c 



Vx 



(4.3) 



In the Grothendieck group, we have 



T M ic = £xtl (£ x c ,£ IC 1 



And 



ci(7mjc)) = ci((4> ig )*Tmic) ■ So it is enough to compute Ci((^ c )*7mic). 



X 



Because of (A' x ), we have that over every closed point y G Q x c , Ext*((^ c ')y, (£ x ) y ) 

0, for all % > 2, because fiberwise 



0, for all % > 2. Hence Ext^JJE™ ,E™) 

they are Ext* (^ C )J. Also we have Ext°((E^ c ) y , (£ x %) = C, hence 

Extp x (E^, c ,E^, C ) = (p x )^'Hom(E^ , £ x c ) is a line bundle on fl£ , hence isomor- 
phic to On /c since it has a nowhere vanishing global section. Therefore 



[detExt;(E'°,E' c )} = [detR'p x (£xt'(E^ c , E* c ))] = [{deb ,EL C )) Vl 



Hence 



Ci((^°)*T^c) = -c x {detR'p x (£xf = - Cl {R'p x (Sxf(Ef, £?)). 

(4.4) 

By Grothendieck-Riemann-Roch, 



ch(R' Px £zf = ( Px Uch(£^) ■ ch((£ x 



ICW\ 



td{q*Tx)), 



where 73c is the tangent sheaf on X. 
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Since £l c is a torsion sheaf on X x Q IC , 

Cl (R-p x £xf = (pM-I^M^c^Tx)) = { Px u\^K C f c ^ K ))- 

(4.5) 

Ci(£^ c ) is just the support of £ x c , which is the pull back along idx x 
(jr x o<fi x ) of the universal curve in X x |L| . Therefore, Ci(£ x c ) = q*L®p x F, 
where F is the fiber class of tt£ c in i.e. n ic(F) ~ (0^)* o (7r£ c )*0| L |(l). 
Since q*L.q*L.q*K = 0, so we have 

^( Cl (5f )) 2 .(<f X) = q*L.q*K.p*F + l -q*K.(p x F) 2 . 

and also (p x )*(q*K.(p* x F) 2 ) = 0, so 

(Px)*(^(ci(4 C )) 2 -(?*^)) = (p x )*(^-^^) 

= (L.K)F. 

Hence together with (14. 4p and (14.51) we have 

ci((</>f TTmic) = [{<p x c )\* x c yo W c{-ir L - K }. 

Hence the lemma. □ 

Corollary 4.12. ci(7^) = [^*C| Z |(-1)® (9L " 2) ], where is the tangent bun- 
dle on M. 

Proof. Since M is smooth, Ci(T^) = — Ci(u^), where is the canonical line 
bundle on M. Moreover as stated in Proposition 14. 1[ = f*u M r. Because 
M T is a complete intersection of / — 1 divisors in |7r*0in(l)| in M IC and 
also because of Lemma 14.111 we have Ci(u m t) = \{ti t )*Ot(L.K + 1 — 1)] and 
hence ci(w^) = [/*(7r T )*C T (L.K + I - 1)] = [tt*0^{L.K + I - 1)]. Since 
L.K + I - 1 = g L - 2 + ^(L) - h}(K) =g L -2, we have the lemma. □ 



5 Splitting type for genus one case. 

From now on we are always working on M. So for simplicity, we drop all the 
~ and just write X, L, M, 6 r , it, etc. 

Now M is a flat family of Jacobians over \L\ ~ P 1 . We will give the 
formulas for g^ = 1, 2 by giving the explicit splitting types for all n^Q 1 " ', r > 0. 
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By Lemma 3.0.1 in there is a natural global section of G which vanishes 
at [J 7 ] G M such that H°(F) ^ 0. Let D e = {[J 7 ] E M : h°(F) ^ 0} be the 
divisor associated to that section. 

We prove the following proposition in this section. The technique we use 
is essentially the same as that in [S] for genus one case. 

Proposition 5.1. If = 1, then for r > 2, 

7r*e r ~o w e(0| L |(-i))®t a . 



Proof. In X x \L\ ~ X x P , there is a universal curve C such that every fiber 
C s is just the curve represented by s E |L|. 




Since C s is integral of genus one, Oq s is stable of Euler characteristic zero for 
every s. Hence the structure sheaf Oq of C induces an injective morphism 
embedding \L\ as a subscheme of M. 

i:\L\-> M. 

It is easy to see that % provides a section of the projection n. The image of i is 
contained in Dq, and moreover we have the following lemma. 

Lemma 5.2. n restricted to Dq is an isomorphism and i is its inverse. 



Proof. Let [J 7 ] G M, and C its support. Since C is integral and of genus one, 
we have //°(J r ) ^ <^ J 7 ~ (9c*. Hence Dq intersects every fiber of n at only 
one reduced point. Hence 7r restricted on it is a morphism of degree 1, hence 
an isomorphism. It is obvious to have % ■ n = id\L\. □ 

Thus on M we have 

-> 6" 1 -> O m -> C De -> 0. 

Tensoring by G r with r > 2, we get 

o -)• e^ 1 -)• e r -)• c>De(0 r ) ->• o. (5.i) 
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R 1 n^Q r 1 = by Lemma [4. 81 Push (15.1 j) forward via 7r and we have 

o ->■ 7 r*e r - 1 ^e r 7r,o De (e r ) -> o. (5.2) 

Since Z) — |£| and 7r • % = id\ L \, ir*O De (0 r ) ~ Tt*i*i*Q r ~ ?*6 r . 
According to the universal property of 0, we have i*O r ~ (det(R'p [Oc]))~ 
We have an exact sequence on X x \L\. 

-> <fO x (-L) ®p*0\ L \{-l) -> Xx , L | -> O c -> 0. 

Hence (det(R'p [C c ])) _1 ^ (det(RTp [0 Xx \L\)))~ 1 ®det(R*p [<f £> x (-£)® 
^0, L |(-1)]). 

And also det(fl"p [0 Xx |i|]) - <%|5 det(i2'p [g*0 x (-L)<8>p*0| L |(-l)]) - 

0| i ,(-l)®x(Ox(-i'))_ 

Since <fc = 1, x(0 x (-L)) = = 1 and w (e r ) ~ 0\ L \{-r). 

The exact sequence (15.21) splits for every r > 1. And by induction we get 

n*& r ~0\ L \®0\ L \{-i)^. 

□ 

In this case, the generating function can be written down as 
Z r (t) = £>°(M,A c ,)r 

n 

= ^/i (M,e r ®7r*C| L |(n))r 

n 
n 

1 + t 2 + t 3 + . . . + t r 

Remark 5.3. This result is compatible with Statement 2 in Theorem 4-4-1 in 
^asX = F 2 andL = 3HorX = P(C P i © C P i(-e)) and L = 2G + (e + 2)F 
with e = , 1 . 

Proof of Theorem \1.2\ Recall that we denote 



(i-ty 

n>0 v ' 
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and let y r n gL=1 = for all n < 0. In this case we have 

ir (t)- zr{t) 

hence Theorem 11.21 □ 



6 Splitting type for genus two case. 

Remember that we get the one-dimensional linear system \L\ by blowing up 
I — 1 points. So we can write L = L' — E\ — . . . — with L' effective and 
Ei.L = 1. We in addition ask I > 3. Then we have the following proposition. 

Proposition 6.1. For the one- dimensional linear system L — L' — E\ — . . . — 

Ei_i with gi = 2, if I — 1 > 2, then 

(1) 7r*G r_1 is a direct summand of 7r*O r . Let 7r*O r = 7r*O r_1 © A r ; 

(2) Tr.e 2 ~ 0\ L \ © (0, L |(-2))® 3 , 7r*e 3 ~ O m (-4) © (0| L |(-3)® 4 ) © 

(o |L| (-2r 3 )©o |i|; 

(3) /or r > A, we have the recursion formula 

n*Q r ~ ^G^ 1 © (G |L| (-r)® 2 ) © (0, L |(-r - l)® 2 ) © (A r _ 2 © 0, L |(-2)). 

Before proving Proposition 16.11 we show some lemmas. 

Lemma 6.2. Let T be the tangent bundle on M, let Ci(T) be its i-th Chern 
class, then c\(T)-Ci(T) = for all i. 

Proof. According to Corollary gH we have Ci(T) = [vr*e>| L |(-l)^- 2 )]. De- 
note F to be the fiber class of tt. It is enough to show that Cj(T)|f = 0. On the 
other hand, we can choose a representative of F isomorphic to the Jacobian 
of some smooth curve. The tangent bundles on Jacobians are trivial with all 
Chern classes to be zero. Hence the lemma. □ 

Since h°(Q) = 1, we have only one B-divisor D®. Let M\ = D®. We 
have exact sequences on M. 

0- 1 ->• O m ->• Ml ->• 0. (6.1) 

O m -»> © ->• C A/l (0) 0. (6.2) 
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o-*-e r - 1 ->e r ->e> Ml (© r ) ->o, r>2. 



(6.3) 



Pushing (16 .ip forward, we get three isomorphisms of bundles on \L 



-> 7r„C A/ -> 7r*C A/l -)> 0. 



(6.4) 



R x -k*O m -»■ R 1 ir*0 Ml 0. 
-> ^ 2 7r*e _1 -> R 2 tt*O m -> 0. 



(6.5) 
(6.6) 



The isomorphism in (16 .4p is because tt*© -1 = i? 1 ^*© -1 = by Lemma 14.81 
The morphism in (16. 6 j) at first is a surjective map because the relative dimen- 
sion of Mi over |L| is 1 and hence R 2 ti*Om 1 = 0; then it is an isomorphism 
because f? 2 7r*0 _1 is a line bundle and R?tt*Om is locally free of rank 1 on the 
open set of smooth curves in \L\. And then the morphism in (16. 5 j) has to be 
an isomorphism because both (16. 4p and (16. 6p are. 

By pushing forward sequence (16. 2p , we get three isomorphisms of bundles 
on ILL 



We have an isomorphism in (16. 7p because they both are line bundles 
isomorphic to 0\l\, (16. 8 p and ( 16. 9 p are because R^tt^Q 1 = 0, for all j, i > 0. So 
we have the following lemma. 

Lemma 6.3. On \L\, we have 



(3) R 1 tt*Om — R 1 h*Om 1 ~ 7r#OAfi(Q)) they are of rank 2 and Euler 
characteristic 0. 

(4) R^Om^Q*) = 0, for all i > 2. 

Proof. Statement 1 is trivial. 

For statement 2: remember that restricted to a generic fiber is the 
usual ^-bundle on the Jacobian by Lemma 3.0.1 in [8], and hence we have 
(D e ) 9 .F = g\. By Corollary El we know that c x (T M ) = since g L = 2. 
Hence by Hirzebruch-Riemann-Roch, we have x(@) = ~~ On the other 



->■ 7T,C M ->■ 7T,6 -> 0. 
7T,C Ml (0) -> i?VO M -> 0. 
-> ^V^W©) ->• /? 2 7T,C M -> 0. 



(6.7) 
(6.8) 
(6.9) 



(1) -kJDm — 7T*@ - 7T*0 Ml - 0\ L \\ 

(2) R 2 ^®- 1 ~ E 2 7r*(9 M ~ R^t^JDmx (©) - 



2). 
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hand we know that x(0) = XX - 1) j x(-R*tt*0) = xl 71 "*©) = 1- So as a result 
x(© -1 ) = x(-^ 27r *@ X ) = — 1? so the statement. 

For statement 3: from Lemma 16.21 and Hirzebruch-Riemann-Roch we 
know that x(®m) = c 1 (T).c 2 (T) = 0, hence ^(^^^m) = x{k*Om) + 

X {R 2 7T*0 M ) = 0. 

At last we push (16. 3p forward and get R 1 ir :¥ OM 1 ( < S> r ) = 0, for r > 2. □ 

Push (16. 3p forward and we get an exact sequence of bundles on \L\. 

-> tv^Q'- 1 -»■ 7r,0 r 7r,C Ml (e r ) -»■ 0. /or r > 2. (6.10) 

We have already seen that 7T*© ~ To get the recursion formula, it 
is enough to compute the splitting type of 7i\ |J A f 1 (O r ) for all r > 2. 

We define two other determinant line bundles associated to O x (E 2 — 
E{) and O x {E\ — E 2 ) on X respectively. Let rji = X[o x (e 2 -Ei)] and rj 2 = 
X[o x {e 1 -e 2 )}- According to Lemma 3.0.1 in [8|, there is a natural global sec- 
tion of rji (resp. r] 2 ) whose vanishing locus consists of all [J 7 ] such that 
H°(F ® O x (E 2 - E x )) ^ (resp. H Q {F <g> O x (E 1 - E 2 )) ± 0). We de- 
note the two divisors associated to those two natural global sections as Di and 
D 2 respectively. 

Remark 6.4. Since [O x (Ei — E 2 )] + [O x (E 2 — E 1 )] = 2[O x ]-2[O pt ], we have 
rji <g) 772 ^ 6 2 (2) on M. 

Let II := D x n Mi and S := D 2 n Mi. 

Now let C be the universal curve in X x \L\ and g the projection from 
X x |L| to X. Then <8> q*O x (Ei) is a flat family of sheaves over \L\ and 
induces a morphism from |L| to M which is a section of n. The image of this 
morphism, we denote it III, is contained in II = Din Mi. And let II2 = 11 — IIi- 
We define similarly Si and S 2 : Si is the image of \L\ via the morphism induced 
by the flat family O c ® q*O x {E 2 ) on X x |L|, and S 2 := S - S x . 

Both LTi and Si are isomorphic to \L\ ~ P 1 . LTi fl Si = because E\ 
and E 2 intersect every curve in \L\ at two different points. For Il 2 and S 2 , we 
have the following lemma. 

Lemma 6.5. U 2 is also isomorphic to \L\ and provides a section of n as well. 
The same is true for S 2 . 
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Proof. Because E 1 and E 2 do not intersect each other, they intersect every 
curve at two different points. And because curves in \L\ are of genus 2, any 
two different points are not linearly equivalent. So for i — 1,2, rji restricted 
to a fiber is algebraically but not linearly equivalent to the usual ^-bundle. 
Moreover according to basic theory of Jacobians, we know that the intersection 
number of II with a fiber of ir is 2. 

So 7T is a morphism of degree 2 and when restricted on 11 — 11! it is a 
morphism of degree 1 over P 1 , hence an isomorphism. So n 2 = II — 111 is 
isomorphic to \L\ and provides a section of 7r. It is analogous for E 2 . □ 

Let C be any curve in \L\. We denote p c the point where Ei meets C. 
C is smooth at p l c . For any point q c G C, such that h°(q c — p c +p 2 c ) ^ 0, i.e. 
[Oc(qc)] £ n, there is another point ^6C satisfying that q c + p c is linearly 
equivalent to p c + q c on C. Hence if Pc Icilb Pc^ then h°(q c + p c ) > 2. 
And hence by Riemann-Roch, we know that ^(q^+p 2 ^) = h°(u)c~Qc~Pc) — 1> 
and hence uc ~ q c + p 2 c since C is of genus 2 and the canonical sheaf uc on 
C is of degree 2. So has either to be p c or satisfies that u c ~ Pc + ih- And 
if q c = pi*, then we have q c = p c and uic ~ Pc* + Pc- Hence we can assume 
that q c 7^ p^ f° r a generic C, and hence LTi ^ n 2 , Si 7^ £ 2 . 

Hence we can specify the universal sheaf on X x n 2 (resp. X x S 2 ) as 
O c <8> q*O x (K + L- E 2 ) (resp. C c <g> q*O x (K + L- E^). This is because 
Oc(K + £) — for all [C] G \L\, and ~ Pc- + 1c which implies that 
O c (K + L-E 2 )~O c {q c ). 

Lemma 6.6. Fori = 1,2 we have n*(Q r \n t ) ~ rx(@x)) = 0\L\(—r), 

which is equivalent to saying that D^.Tli = —1. And the same holds for Sj, 
% = 1,2. 

Proof. By the universal property of we have that 0|nj = (det R'p U 1 )^ 1 
where U 1 ~ Oc <S> q*Ox{E\) is the universal sheaf on X x Hi. And also we 
have the exact sequence on X x \L\ : 

->• p*0|£|(-l) ® + E 1 ) -)• g*O x (£i) -)• Wi ->• 0. 

So 

det iTp Wi ~ det i?*p (g*O x (£?i))<8)(det i?*p (p*C| L |(-l)®g*Cx(-^+^i))) _1 - 
Then we have 

det R'p tfOxiEi)) ~ 0\ LU 

det R'p (p*q L |(-i) ® + Si)) ^ o |L |(-i)®^(-^)). 
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X (O x (-L + E 1 )) = X (Ox(E 1 )) - x{Oc{E x )) = x(CM#i)), since C is a 
curve of genus 2 and Oc(Ei) is a line bundle of degree 1 on C. By Hirzebruch- 
Riemann-Roch we know that x{®x{E\)) = x(®x) — 1- 



For n 2 , we use (9e ® q*®x{K + L — E 2 ) as the universal sheaf. Similar 
computation shows that -D .n 2 = — x(Ox{K + L — E 2 )) = — x(@x) since 
K.(K + L) = 2g L - 2 = 2. 



n + E ~ (2D + 2F)| De . Lemma EE] implies that (n + E).D @ = -4. 
Moreover F.D% = g\ = 2, hence we have 2D% + 4 = (n + E).D e = -4. Then 
we get the following proposition immediately. 

Proposition 6.7. On the moduli space M, we have Dq = —4. 

Since we know that x(O) = 1, by Proposition 16.71 we can compute 
x(© r (ri)) for all r and n. And we have 



However, if we want to write down explicitly the splitting type of ir*<d r 
and get a result which is not only numerical but also gives some geometric 
description, we have to see how the four projective lines, ITi, IT 2 , Si and E 2 
intersect each other. It is obvious that riiflSi = because E\ and E 2 intersect 
every curve in \L\ at two different points. We have several lemmas: 

Lemma 6.8. H2 has no intersection with E 2 , i.e. IT 2 .E 2 = 0. 

Proof. Let C be any curve in \L\. As we mentioned before, if [Cc(?c)l H 2 
and [Oc(qa)] £ S 2 , then q\, + p 2 c ~ p x c + with p l c the point where C meets 
Ei. Since p l c 7^ p 2 c , and Pc—Pc^Qc^ Qci we have q\~ 7^ q^ for any [C] G \L\ 
and hence the lemma. □ 

Now we compute ITi.E and II. X^. 

Notice that the universal sheaf U l over X x IIx can be chosen to be 
O c ®q*O x {E 1 ), as a result [J 7 ] G IL HE <^ H (O Ct ® q*O x (E 1 ) ® q*O x (Ei — 
E 2 )) 7^ 0, where Cjr is the supporting curve of T . It is analogous for II fl Si. 

Let B 1 = O c ® q*O x (2E 1 - E 2 ), B 2 = O c ® q*O x (2E 2 - E x ). These 
two sheaves are also flat families over X x |L| hence induce two embeddings 
mapping |L| to M which both are sections of tt. Denote their image in M as 
Pi and P 2 respectively. P, ~ P 1 . 



For Ej the argument is analogous. 



□ 



x(e r (n)) 




(6.11) 



20 



Lemma 6.9. Q\ Pi ~ O p i(-x(O x ) + 2) = C P i(l), /or i = 1,2. 

Proof. The proof is analogous to Lemma [6\6l and instead of x(— L+Ei) we have 
X(-L + 2E 1 -E 2 ) or x(-£ + 2P 2 - #i) which are equal to x(-L + J B 1 ) -2. □ 

Lemma 6.10. For any curve C in M, /et d = deg 0|cj 

(1) lfd<0, then C C Mi. 

(2) If d> 0, and also C is noi contained in M x , then d = #(C fl Mi), 
counting with multiplicity. 

Proof. If the curve is not contained in Mi = Dq, then there is a nonzero global 
section of B vanishing at points corresponding to sheaves with global sections. 
Hence the degree of 9 restricted to that curve should be nonnegative and must 
equal to C fl Mi counting with multiplicity. □ 

Remark 6.11. Because of Lemma \6.10\ r if Pi (resp. P 2 ) is not contained in 
Mi, then ITi.E = #IIi n X = 1 (resp. ILEi = #11 n £i = I). 

Lemma 6.12. Neither Pi nor P 2 is contained in Mi. 

Proof. Note that a priori, p is contained in Di for i = 1, 2. If Pi is contained 
in Mi, then P 1 C Mi D D x = U. Hence Pi has to be either n x or n 2 . But 
G restricted on Pi has degree 1 while restricted on Hj it has degree —1 by 
Lemma 16.61 So we know that Pi can not be contained in M\. For P 2 it is 
analogous. □ 

Because of Lemma f6. 121 and Remark |6.11[ we have IIi.S = n.Si = 1. On 
the other hand, we have fli fl Si = 0, n 2 fl S 2 = 0. Hence we have Hi.S 2 = 1 
and n 2 .Si = 1. We now only need to compute Hi.n 2 and Si.S 2 . 

Recall that Dq = Mi. Now on Mi we have an exact sequence. 



M 2 is a subscheme of Mi, which equals to II + E as a divisor, n + E ~ 
(2P + 2F)\ Dq . Because of Remark 16.41 we can rewrite sequence (I6.12p as 



Using formula ( 16. lip , by a direct computation we get x(Om 2 ) = 2- Hence the 
arithmetic genus of M 2 is negative. Also we know that M 2 = Hi + n 2 + Si + S 2 , 
and the and the Sj are isomorphic to P 1 . So M 2 can not be connected and 
therefore n 1 nn 2 = E 1 nS 2 = 0. 



-> rf x 1 ® % 1 -)• Ml -)• M2 -)• 0. 



(6.12) 



follows: 



o -> e- 2 (-2)| A/l -)• e» Ml -> M2 -> o. 



(6.13) 
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Remark 6.13. So the picture of these four curves is very clear: Hi D IT 2 = 
= Ei n E 2 ; IIi.E 2 = 1 and n 2 .Ei = 1; and U t D E x = IT 2 n E 2 = 0. 

We have the exact sequence on M 2 as follows. 

(o ni (-i)©On 2 (-i))®e r ->o M2 (e r ) -> (o Sl ©o S2 )®e r (6.u) 

We then have the following proposition. 
Proposition 6.14. 7T*£> M2 (© r ) ~ <%|(-1 - r)® 2 © 0| L |(-r)® 2 . 

Proof. By Lemma [6.61 we have 7r*(© r |n i ) ~ 7T*(© r |s i ) — 0\L\{—r), for i — 1,2. 
So push (16.141) forward and we get 

O w (-l - r)® 2 -> 7r,0 A/2 (6 r ) -> 0| L |(-r)® 2 -> (6.15) 

It is easy to see there are no higher direct image along 7r for sheaves on M 2 , 
since ir restricted on M 2 has relative dimension zero. And sequence (I6.15P 
splits for every r. □ 

We tensor the sequence (16.131) by some power of 0. Then we have fol- 
lowing exact sequences on Mi. 

G Ml (e- 2 (-2)) Ml M2 0. (6.16) 

o o Jlfl (e- 1 (-2)) o Ml (Q) o Ma (e) -> o. (6.17) 

-> G Ml (e r - 2 (-2)) -> Ml (© r ) OM 2 (© r ) -> 0, r > 0. (6.18) 
Push all of them forward and we get 
->• tt,0 Mi ->• 7t*0m 2 J R 1 ^C Ml (0- 2 )®C| L |(-2) R 1 tt*0 Mi ->• 0. (6.19) 

7r,C Ml (6) ^C M2 (0) ->• J R 1 ^C Ml (0- 1 )®C| L |(-2) ->■ i2V0Ma(©) ->• 0. 

(6.20) 

O^7r*O Ml (0 r ~ 2 ) ® 0\ L{ {-2) ^Tr,0 Ml {@ r )^TT,0 M2 (@ r ) *R 1 ir*0 Ml (<e> r - 2 )®G lLl (-2)^Q,r > 2. 

(6.21) 

In (I6.19P and (I6.20p . the zeros on the right are because R 1 7i*OM 2 (® r ) — 
for all r. The left zeros are because 7r*C A/l (6~ r ) = 0, Vr > 1. In (16.211) the 
right zero is because R 1 7t^Om 1 {Q v ) = as r > 2 by Lemma [6.31 And (I6.2ip 
will be a short exact sequence with three terms when r > 4. Then we have a 
simple corollary of Proposition 16.141 
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Corollary 6.15. The canonical sheaf um on M is trivial. 



Proof. Since by Corollary 14 . 1 2 1 we already know that c\(Tm) = 0, it is enough 
to show h°(u M ) = h 3 (0 M ) = 1. 

From Proposition 16. 141 and Statement 3 in Lemma 16731 and also sequence 
(I6.20p . we can see that x(7r*0Mi(©)) = 0, and there is a injective morphism 
from 7r*£> Ml (©) to 7r,0 A/2 (6) ~ £>| L |(-1)® 2 © ]L] {-2)® 2 . Hence ic.O Ml (Q) ~ 
0\l\{— l)® 2 . Also according to Lemma [6731 we have 7r*£>Mi(©) — R 1 ti*Om 1 — 

R x k*O m ^ 0|L|(-l)® 2 ,and7r,0 Ml ^ <%|- Hence H l {R l ^O Ml ) = H 2 (ir*0 Ml ) = 
0. On the other hand, since 7r restricted on Mi is of relative dimension 1, we 
have R 1 7t*Om 1 = for all i > 2. Hence by the spectral sequence we know that 
H 2 (O Ml ) = 0. 

From sequence (16. ip we have the exact sequence as follows 

H 2 (0 Ml ) -> H^Q- 1 ) i? 3 (o M ) o. 

Because -R 2 7r*© _1 ~ 2) and i? l 7r*6 _1 = for all % < 2, we have 

/i 3 (0 _1 ) = /i 1 (i2 2 7r*0 _1 ) = 1; together with the vanishing of H 2 (0 Ml ), we 
get h\0 M ) = h^Q- 1 ) = 1. □ 

Corollary 16 . 151 gives us an interesting result in the theory of compactified 
Jacobians of integral curves with planar singularities as follows. 

Corollary 6.16. Let X be any simply connected smooth projective surface over 
C, L be an effective line bundle satisfying (A^) and (A' 2 ), moreover dim \L\ > 
3 and gi = 2, then for a generic integral curve C in \L\, the compactified 
Jacobian J 9L ~ 1 which parametrizes the rank one torsion free sheaves of Euler 
characteristic zero has its dualizing sheaf be the trivial line bundle. 

Proof of Proposition \6.1[ As stated in the proof of Corollary 16.151 we already 
know that 7r*0 Ml (0) ^ R l ^*0 Mx ^ 0\ L \(-l)® 2 . We rewrite (1QT]) with r = 2 

as 

-> O w (-2) -> 7r,0 Ml (e 2 ) 0|L|(-3)® 2 © 0|L|(-2)® 2 0|L|(-3)® 2 0. 

(6.22) 

Hence 7t*(9mi(0 2 ) — 0\l\(—2)® 3 , together with sequence (16. 10 j) we get the 
expression for 7r*0 2 . Lemma 16731 also says that R 1 7t*Om 1 (Q) — 0\n(—2). So 
sequence f l6~2T|) with r = 3 implies that 7r*0 Ml (© 3 ) ~ <%j(-4) © C| L |(-3)® 4 . 
Then we know the splitting type of 7v*Q 3 . 

For O r , r > 4, both (I6.10P and ( I6.2ip are short exact sequences with three 
terms and split, which implies Statements 1 and 3 in the proposition. □ 
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We have defined Z r (t) = J2 n h°(M, X c rjt n = h°(M, Q r m*0\ L \(n))t n . 
The generating function Z r (t) can be written down explicitly as follows: 

1 7^(+\ — 1 ■ 72( f \ _ 1+3*1. ?3(+\ _ l+3t 2 +4f 3 +t 4 

L - z W - (i=^ii z W - (iz^) ^ W - — (TZ^p — ■ 

'r-l( + \ i (>7r-1( + \ yr-3U\\ +2 i 2r+2t r+1 



2. /or r > 4, Z r (f) = Z^^t) + (Z r ~ 2 (f) - Z r ~ 3 (t)) ■ f 



The recursion formula 2 implies that 



(l-t)2 • 



Remark 6.17. These results are compatible with Statement 2 in Theorem 
4.5.2 in 18] as X = F(O f i © O w i(-e)) and L = 2G + (e + 3)F with e = 0, 1. 

Proof of Theorem \1.3l In this case we have 

Z*(t) 



and hence the theorem. □ 
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